Betten and Riesinger have shown that Clifford parallelism on real projective space is the only topological parallelism that is left invariant by a group of dimension at least 5. We improve the bound to 4. Examples of different parallelisms admitting a group of dimension ≤ 3 are known, so 3 is the 'critical dimension'.
R. Löwen
Betten and Riesinger [5] proved that no other topological parallelism has a group of dimension dim Σ ≥ 5. Examples of parallelisms with 1-, 2-or 3-dimensional automorphism groups are known, see [6] , [2] , [3] . Here we consider parallelisms with a 4-dimensional group.
THEOREM 0.1 Let Σ be the automorphism group of a topological parallelism Π on PG(3, R). If dim Σ ≥ 4, then Π is equivalent to the Clifford parallelism.
Proof. Recall that a topological parallelism Π is homeomorphic to the real projective plane in the Hausdorff topology on the space of compact sets of lines, and that every equivalence class is a compact spread and homeomorphic to the 2-sphere, compare [5] .
It suffices to consider the identity component ∆ = Σ 1 , and we may assume that dim ∆ = 4. Further, up to equivalence, we may assume that ∆ = Λ · Γ, where Γ ≤ Φ is the subgroup defined by restricting the factor b to be a complex number (here we use the notation of the introduction.) Since Λ does not have any one-dimensional coset spaces, we know that Λ acts on Π either transitively or trivially. If it acts trivially, then the classes of Π are the Λ-orbits of lines, and we have the Clifford parallelism. Observe here that every Λ-orbit is contained in a single class, and both the orbit and the class are 2-spheres.
In what follows, assume therefore that Λ acts transitively on Π. There is only one possibility for this action namely, the standard transitive action of SO(3, R) on the real projective plane. Every 2-dimensional subgroup of ∆ contains Γ. Hence, there is no effective action of ∆ on the projective plane Π, and the kernel can only be Γ since the only other proper normal subgroup is Λ, which is transitive. If C ∈ Π is any equivalence class, then the stabilizer Λ C is a product of a 1-torus and a group of order two. Hence ∆ C contains a 2-torus T . There is only one conjugacy class of 2-tori in ∆, represented by the group
Here, q denotes the one-dimensional real vector space spanned by q. We may assume that T = T 0 . Write quaternions as pairs of complex numbers with multiplication (x, y)(u, v) = (xu −vy, vx + yū), see [9] , 11.1. Then complex numbers become pairs (a, 0), and the elements of T are now given by
The kernel of ineffectivity of T on the 2-sphere C must be a 1-torus Ξ, and the elements of the kernel other than the identity cannot have eigenvalue 1 -otherwise they would be axial collineations of the translation plane defined by the spread C and would act nontrivially on C. There are only two subgroups of the 2-torus satisfying these conditions, given by b = 1 and by a = 1, respectively. In other words, the kernel Ξ is a subgroup either of Λ or of Φ. In both cases, C consists of the fixed lines of Ξ. If Ξ ≤ Φ, then Λ permutes these lines, contrary to the transitivity of Λ on Π. If Ξ ≤ Λ, then Φ permutes the fixed lines, which means that C is a Φ-orbit. Now Λ is transitive both on Π and on the set of Φ-orbits, hence Π equals the Clifford parallelism formed by the Φ-orbits.
